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INTRODUCTION TO LIMITS AND
CONTINUITY

Unit Outcomes: .

After completing this unit, you should be able to:

>
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understand the concept of "limit" intuitively.

find out limits of sequences of numbers.

determine the limit of a given function.

determine continuity of a function over a given interval.

apply the concept of limits to solve real life mathematical problems.
develop a suitable ground for dealing with differential and integral calculus.

2.1 LIMITS OF SEQUENCES OF NUMBERS

2.2 LIMITS OF FUNCTIONS

2.3 CONTINUITY OF A FUNCTION

2.4 EXERCISES ON APPLICATIONS OF LIMITS

Key terms

Summary

Review Exercises
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INTRODUCTION

This unit deals with the fundamental objects of calculus: limits and continuity.
Limits are theoretical in nature but we start with interpretations.

Limit can be used to describe how a function behaves as the independent variable
approaches a certain value.

XZ

L Then (1) =% has no meaning. The

For example, consider the function f (x) =

form 0 is said to be indeterminate form because it is not possible to assign a unique

valueto it.

Thisfunction is not defined at x = 1. However, it sill makes sense to ask what happens

to the values of f (x) as the value of x becomes closer to 1 without actually being equal

2 —_— s~ Iy
to 1. You can verify using a calculator that f (x) = X 11 approaches to 2 whenever
v

you take any value very closeto 1 for x .

Thismeans that f (x) has a well-defined value near x = 1 on either side of 1.
Limits are used in several areas of mathematics, including the study of rates of change,
approximations and calculations of area.

For example, you know how to approximate the population of your kebele in 2012, but
what is different in limits is you will learn how to know the rate of change of population
in your kebele in 2012.

OPENING PROBLEM

Imagine that a regular polygon with n-sides is inscribed
inacircle.

1  Asn gets large, what happens to the length of
each side of the polygon?

2 What will be the limiting shape of the polygon as
n goesto infinity?

3 Will the polygon ever get to the circle? FIgUre 2:1
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Unit 2 Introduction to Limits and Continuity

7Rl LIMITS OF SEQUENCES OF NUMBERS

ACTIVITY 2 .1

1 Find the maximum and minimum & ements of each of
the following sets.

a {1,23...,100 b {1,-1,1,-1,..} ¢ {x [RF3<x<5}

d {l:n} e {x[RI1-1<x<2} f { xX[R1-5<x<4}
n

g {x[Rl: XI<I5}
2 For each of the following sequences {a,}, find m and k such that

i a,<m, foraln ii an =k, foraln
1 1
a an:2n+l b an= — C anz(_l)n (1_'__)
3 n
+1 1 no_
d anzn— e an=7+— f anzlo 1
n n 10"

il  Upper Bounds and Lower{Bounds

The numbers m and k in Activity 2.1 are said to be an upper. bound and alower bound
of the sequences, respectively.

Definition 2.1

Let { a»} beassquenceand m, M Then

i Missadtobeanupper bound of {a.},if M = a;foral a C{h.}.
il missadtobealower bound of { a.},ifm < a fordl a; [({d.}

il A seguenceissaid to be bounded, if it has an upper bound (isbounded above) and
if it has alower bound (is bounded below).

v’ A sequence{an} isbounded, if and only if there existsk > 0 such that
la,| <k for &l n

N

N
Wl

. 1
Example 1 Consider the sequence {H} wheretheterms are: 1,

Clearly, O<E < 1foralnNl
n

43



Mathematics Grade 12

Some upper bounds are: 1, 2, /3, 5, and some lower bounds are:
0,-2,-3,-5, -7.

Thus, {%} is abounded sequence.

Show that the following sequences are bounded.
4an-1
{ D% b { }

2n

The sequence {(-1)"} is bounded because -1 < (=1)" < 1 for dl n [1

AL .
Consider the graph of therationa functiony = 4)(7 The horizontal
asymptote, y = 2, isthe limiting line of the curve.

1 . .
j on the curve of the rational function, it
n

If we mark the points (n, an

gives the graph of the sequence. The terms are increasing from g to 2.

an T e
19 4n-1
aﬂ =
2n
18
1.7
1.64
n
154 . ;
2 4 B g 10 12 14 16 18 20
Figlure 2.2
3.4n-1 ) 4n-1]| .
Thus, — < < 2 for'dl n [NIThis shows that {2—} is bounded.
n

For each of the following sequences,
find some upper bounds and some lower bounds.

determine the greatest element of the set of lower bounds and the least
element of the set of upper bounds.

a {ﬂ} b {1-n} ¢ {2"} d {(Ejn}
n n
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Orne of the strategies in finding upper bounds and lower bounds of a
sequenceisto list the first few terms and observe any trend.

a Thefirst few terms of {ﬂ} are:
n

1 111

2’734 5"
which are consisting of negative and positive values with— 1 the minimum

1 .
term and —2 the maximum term.

_1“
Hence, -1 < % < %forall n N1

The set of lower boundsis the interval (—oo, ~1] 'whose greatest element is—1.
1
The set of upper boundsisthe interval E ooj whose |least element is >

b  Thetermsof {1-n} are
0,-1,-2,-3,...,
which are decreasing to negative infinity starting from0. This shows that

the sequence has no lower bound (is unbounded below). The set of upper
bounds is [0, «) with O the'least element of all the upper bounds.

c  Whenweconsider {2}, theterms are 2, 4, 8, 16, . . ., which are starting from
2 and indefinitely increasing. Thus, {2} has no upper bound, whereas the
interval (—oo, 2] isthe set of the lower bounds with 2 being the greatest
element.

d The terms of {(lj } are non-negative numbers starting from 1 and
n

: 1
decreasing to O at afaster rate as compared to {H} .

Look at itsterms 11 i i
4 27 256

Clearly, 0 < [%} <1, fordln

Thus the set of lower bounds is (-, 0] with O being the greatest element and the
set of upperboundsis[1, o) with 1 the least e ement.
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The following table contains a few upper bounds and a few lower bounds.

 Sequence Few upper bounds | Few lower bounds

-1)" 1

{(—)} =,1,4,10 -1,-2,-5,-75
n 2

{1-n} 0,1,1m,5 None

{2"} None 2, —;,O,—«/E
1 n

{[ﬁj } 1,23 12 0,-1,-2,-m

Least upper bound (lub) and greatest lower bound (glb)

In Example 3 above, you have seen the least element of the set of upper. bounds and the
greatest element of the set of lower bounds. Now, you consider sequences of numbersin
general and give the following formal definition.

Definition 2.2

Let {a.} be asequence of numbers.

1 xissaidtobetheleast upper bound (lub) of {a.}
i if x isan upper bound of {a.}, and

ii whenever y is an upper bound of {a.}, thenx <.
2 xiscdled thegreatest lower bound (glb) of {a.}
i if x isalower bound of {a.} and

ii whenever y is alower bound of {a.}, thenx>y.

Y ou may determine the lub or glb of a sequence using different techniques of describing
a sequences such as listing the first few terms or plotting points.

In the following example, to determine the lub and glb plotting the points might be
much more helpful than listing the terms,

Example 4  Find the lub and glb of the sequence {2:_:13}

Solution® - If the generd term of a sequence has arational expression, then plotting the
points on the curve of the corresponding rational function can be helpful.
2x-3
X+1
If you have values for the natural numbers, then it gives the graph of the sequence.

Consider thegraph of y =
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. 1
The sequence increases from "> to 2. a

Its elements are limited by the :; . °2n_3
horizontal asymptote of the rational N an=
function. 0.8 .

1_2n-3 oo

P L 0e]
Hence, ZS 1 <2 foraln[N]l 02
1 R i 5 8 n

Therefore, the glb is — > andthelub
is?2 ’ ‘» |Figure 2.3

Example 5 Find thelub and glb of each of the following sequences.
1 L (-1)" +1
a {H} b {( 1)} c {T}
d {1—3} e {1-—(_1) } f {3} '
n n 3

Solution In this example, listing thefirst few termsis sufficient to determine the
lub and glb.

Look &t the following table.

Sequence \ First few terms lub \ glb
{1} 1, E, }, E, E, ... Decreasesto 0 1 0
n 2345
{(—1)"} -1,1,-1,1,. .. Oscillates 1| -1
(-1 +1 .
2 0,1,0,1,...Osillates 1 0
1_E o,i,g, §,ﬂ,... Increasesto 1 1 0
n 2 3 45
| |a2"'1| » Decreasetol
-1)"
1—( ) 2££§§§ Increasetol| 2 1
n 23456 _—7 2
aon Convergesto 1
2
{—n} g, g, i, 3,...Decreasestoo 2 0
& 3 9 27 81 3

47
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Example 6 Find the glb and lub for each of the following sequences.

a {Zi} b {(0.01)%

Solution These sequences need a calculator or acomputer to list as many.terms as
Possible; dternatively plot the corresponding function graph.
a Thelubis2andtheglbisl1 b Thelubislandtheglbis0.01.

For each of the following sequences, find some upper bounds and lower bounds and
determine the lub and glb.

e e ey
B o Foer o B p
B e g

Monotonic sequences

Definition 2.3

Let {a.} be asequence of numbers. Then,

i {a.} issaid to be anincreasing sequence, if a. < a. +1, foral n
i.e.{ a.} isincreasing, if and only if
ar<az<as<....<a<a+1<...

i {a.} issadtobedrictly increasingif a. <a.+1, for al n

iii { a.} issaid to be adecreasing sequence, if a, = a. +1, for dl n i.e, {a.} is
decreasing, if and only if

iv {a.} issadtobedrictly decreasing, if a. > a.+1, foral n

Example 7 Show that the sequence {3— %} is gtrictly increasing.
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Solution This can be seen directly from the order of the terms:

3—1<3—£<3—1<3-£
2 3 4
Also,n<n+1 = i>i:>—£<_i

n n+1l n n+1

= 3——1 <3—i ,fordl n [N1= {3 - 1} is grictly increasing:
n n+1 n

Example 8 Show that {3+%}isstrictlydecreasing.

Solution Notethat3+1>3+£>3+l> >3+1>3+i>-.-
2 3 n n+1
= 3+£>3+ i
n n+1

= {3+ %} is strictly decreasing.

Definition 2.4
A sequence {an} is said to be monotonic or a monotone sequence, if it is either

increasing or decreasing.

Example 9 Show that {(_—1)} iShot monotonic.
n

Solution It sufficesto list the first few terms of the sequence.
1.1

1 . . ! . . .
Theterms -1, E,—g,z,...are neither in an increasing order nor in a decreasing

order. Thus, {ﬂ} is not monotonic:
n

Example 10 Decide whether or not each of the following sequences is monotonic.

LR {1__<-1>}
n n n
Solution,
1] m 1| . . . (R .
a In {8——}, since {_ﬁ} isincreasingto O, {8—5} isincreasing to 8.
n
Hence, it is monotonic.
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b {1} is adecreasing sequence; it isdecreasing to 0. Hence {8 + %}
n

decreasesto 8.
Hence, it is monotonic.
c  You canwrite the terms of the sequence as:

RWAWLN

6

1+%, if n is odd:

1—£, if niseven;
n

This shows that {1 - ﬂ} is not monotonic.
n

1  Show that each of the following sequences is monotonic and bounded.
1
{ n +1} { 1 } . o
2n-1 n’+4
. m 1 2n+1
d sn (—j e cos (—J f { }
2n n n+5

Give examples of convergent sequences that are not monotonic.
Give examples of bounded sequences that are not convergent.

Can you find a convergent sequence that is not bounded?
In each of the following, determine whether or not the sequence is bounded.

a {n+%} b {7+%} {n24+1} d  {sin(n)}

R =

6  Usean appropriate method to show that each of the following sequences converges.

o B W DN

s e * Gt (e
n 3n+2 n+l n+3
’ {1+3+5+.2..+(2n—1)} . {2”_*1} - { 2n }
6n°+1 54 n®+100
g {sm[zj} h {1+ (_1)n}
n n
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2.1.2 | Limits of Sequences
OPENING PROBLEM

Consider the terms of the sequence { % }

. . . 1 g
1 Listtermsof { % } that satisfy the condition 0 < - <10

1
2 Find the smallest natural number k such that 0 < p <10 fordl n>k.

Sequences are common examples in the study of limits. In particular, sequences that
tend to a unique value when n increases indefinitely are important in the introductory
part of limits of sequences of numbers.

ACTIVITY 2 .2

Decide whether each of the following sequences tends to a unique
rea number asn increases.

THTT e
5 {[gj} {%5} R (T I

In Activity 2.2, the terms of some of the sequences are tending to a unique real number L
asn getslarger and larger.

Consider the terms of the sequence{ % } :

1

V/A
lnl

1
47 'n'n+l

N~
Wl

It is clear that as the value of n becomes larger and larger, the n" term (%J of the

sequence becomes smaller in value and hence it becomes closer and closer to 0. Moreover,
\ 1
for extremely large values of n, it will be very hard to distinguish the values of 0 from 0.
Inthiscase, 0 is said to be the limit of the sequence {%} and you express this idea shortly
N & I
by writing lim ==0.

n-oo

51
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Read lim 1=0 as "the limit of — asn agpproaches to infinity is0."

n - o n

Also, for the sequence {2—1n} whose terms are:

1111 1 1 1=

2'4’8'16" 2
you can see that Iim[ j

n- oo

0.8

Observe that the terms of the sequence g4

1 . *
{—n} are decreasing to O & a rate faster gaf( 1 j : i .{n, 1) .
2n o . n
than that of { 1 } Figure 2.4 showsthis "% 2 3 4 & 6
n

Figure 2.4
comparison. -

v If acongtant ¢ is added to the n™ term of the sequence{l} , then you get the
n

sequence {c + 1} which convergesto c.
n

Example 11 Consider the sequence {5 A %} , Whose terms are

5+1,5+},5+E,5+},....,5+1,...
2 3 4 n

1 1
Asn getslarge, . getscloseto O so that 5+ {3 getscloeto 5+ 0.

Therefore, lim (5 + Ej =5,

nsoo | n

=
3

This can be seen graphically, as follows,
- 1 o
shifting the graph of a, = . by 5 units in

the positive y-direction gives the graph of ,

1
an=5+%,sothatasn gets large its graph  1{° [n’ﬁj

n5+3)
n

approaches the line with equationy = 5 1 3 3y
instead of the line with equationy = 0. Figure 2.5
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In general, for a sequence {a,}, if there exists a unique real number L such that a,
becomes closer and closer to L as n becomes indefinitely large, then L is said to be the
limit of {an} asn approachesinfinity.

Symbolically, this concept iswrittenas. lima, = L

n- oo

If such areal number L exists, then we say that {a,} convergesto L. If such a number L
does not exist, we say that {a,} divergesor |lima, doesnot exist.

Show that the sequence { (-5)"} diverges.
The terms of the sequence { (-5)"} are
-5, 25,-125, 625, ...
Thus, lim (-5)" does not gpproach a unique number. Therefore, {(-5)"} diverges.

n-oo

Show that the sequence { 2"} diverges.
The terms of the sequence {2"} are: 2, 2%, 23, 2%,..., 2", 2"* ! .. which are
indefinitely increasing as n increasesto infinity.
Thus, lim(2") =0 This showsthat {2} diverges

n-oo

. n
Decide whether or not the sequence A

5n-2 2
Bn=2 n ST
First we notice that = = n
3n BJ 3
n
2
1 71— 5
Together with lim==0, we have lim = T” ==

converges.

nﬁoon X — 00

5n 5
Hence, the sequence = converges to 3
n

Show that the sequence {sin (n)} isdivergent.

You know that -1.<sin (n) < 1. Asn getslarge, sin (n) still oscillates

between —1 and 1. It does not approach aunique number.
Thus,{sin(n)} diverges.

Null sequence

Definition 2.5

A sequence {a.} issaid to be anull sequence, if and only if [im a. =0.

n- o
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Example 16 Each of the following sequencesis anull sequence.

SR = I

cos(n) | .
Example 17 Show that the sequence {¢} isanull sequence.
n

Solution Notice that asn approaches to infinity, —1 < cosn < 1.
._cos(n) finit ti
So lim ( )=, |r1|.equan|t.y =0. Thus, M isanull sequence.
neeoo infinite quantity n

. (1
Example 18 Show that the sequence {sn(ﬁj} is anull'sequence.
Solution The terms of the sequence
sin (1), sin(%j, sin(éj ,...are decreasing to sin 0,
1 08 ’
Thus, Iimsin(ﬁj =sin(0) =0

n-oo

0.6
This can be shown graphically:

0.4

n
n 029

P | : :
Asn goesto infinity, sin— tendsto 0. Thus, . a :sm(j

(1) . R
sm(— isanull sequence, .,/ [ oot teeseses
n

2 4 6 8 1012 1416182022M42%283N

1 Find the limit of each of the following sequences as n tends to infinity.
-1\" 1
(2] b [ R
n+1 n’ 6"
1 1 1
0.5)n f 1-=
8 U o B n
{n+1} j {“—”} K {1,0,3,0, ) ,o....}
n +n 3
m {

Figure 2.6

=
1-2n

o] { 0.6, 0.66, 0.666, . . . }
54



Unit 2 Introduction to Limits and Continuity

2 Decide whether or not each of the following sequences isa null sequence.
= {3 2 B
{n(n3+1>} ° {@} I

EE I -~ B
Convergence Properties of Sequences
ACTIVITY 2.3 '

1 Given on the next page are graphs of some sequences. Identify
those graphs which are bounded and find their limits.

P
ooooo
P

49

48

4.7

4.6

451
2 4 6 8 0 12 ¥ 16 18 A

a b

08 :

b6

04

02

2 4 [ 8 0 12 1:0;601;022]
c d
e f
Figure 2.7
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2 For each of the following sequences,
i decide whether or not it is bounded and/or monotonic.
i determine the limits in terms of the glb and lub.

a {1+%} b {3%} c  {4-n}
0 {2 - { sn@} ({2)

From Activity 2.3, you have the following facts about monotonic sequences:
1 If amonotonic sequence is unbounded, then it diverges.
2 If amonotonic sequence is bounded, then it converges.

a If it isbounded and increasing, then it converges to the least upper bound
(lub) of the sequence.

b If it isbounded and decreasing, then it convergesto the greatest |ower
bound (glb) of the sequence.

Show that the sequence {n_+1} converges.
2n+3

n+1 1 1

Observe that L5 >
2n+3 2 2(2n+3)

The sequence L isincreasing
2(2n+3) '
1

Hence, ——;isincreasing, with
2 2(2n+3)

n+1
2n+3

és <%for al n CN1. Explain!

Therefore, {Zr:]il:%}is bounded and monotonic and hence it converges.

Also fimes = i 2oL 1wy
X m2+3T M 2T oy 2
n+3
Thus, {2 +3} converges to the least upper bound of the sequence.
n

So far, the limit of a sequence { a, } hasbeen discussed. Your next task is to determine
the limits of the sum, difference, product and quotient of two or more sequences.
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Theorem 2.1
Let {an} and {bn} be convergent sequenceswith lima, = L and limb, = M. Thenthe sum

n— oo n- oo

{an + by}, the difference {a» — b}, a constant multiple { cax}, the product {a~ b.}, and the
quotient {%} provided that M # 0 and b» # O for every n, are convergent with

n

lim(a, +b,) =lima, +limb, =L+M

n- co

lim(a, -b,) =lima, -limb, =L-M

n-o

1
2
3 lim(ca,) =clima,= cL for aconstant c.
4

lim(a,.b,) =lima,.limb, = LM

n-oo

— N>

“limb, M

Ifan 20, asn — o, lim.fa, = flima, =+/L

n- oo

J lima, |

Example 20 Evauate |jmy (8+1j
n

n— oo

Solution Using property 1,

Iim(8+%): Iim8+|im%=8+0=8

Example 21 Evaluate lim a2
N3 3
Solution First, you divide the numerator and the denominator of the expression
by n.
n+2 2
n+2 n i
Then, -5 3n-5 5
n n

lim (1+2j lim(1) + Iim(zj
n-o n _ n-o n—oo n

2
n

NG AT ¥ T I (3 - 5) lim(3) - Iim(Sj
n n- o n n- o n-o\ N

(1
+ —
! ZInIID(nJ_HZXO_}
1l) 3-5x0 3
n

3-5lim

n- oo

57
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Example 22 Find lim
- n(n+3)

Solution Using partial fractions

=4, b 3 , for congtants a and b.
n

*lim — 5

a b
n noeo N3

imy(n+s) M

- alim® + b|imi3: ax0+bx0 =0

n-on n-o N+
. Z+4n+1
Example 23 Find lim 3n2—
neo 20T +7
Solution Since both the numerator and the denominator have the same degree,
first divide both by n?
3n?+4n+1 4 1 . 4 1
2 T LA lim |3+ —+ =
. 3n*+4n+1_ . n2 . 3+n+n2 _nw( n nz)
a7 TR a7 N, 7 0 7
" LN 2+ lim (2+ 2)
n n n—oo n
. 4 1
+lim—+lim—=
M3+ Im M 3+0+0_ 3
Iim2+|iml2 ok
" een 2n+2
Example 24 Evaluate Liﬂmw [3” —3}
n+2 2nx22 / ) n
Solution lim (én—sj: lim | — 1" =In|ﬂn;! 108 [gj =108x0=0
n-o n-oo 3n)<—
27
Example 25 Find the limit of the sequence whose terms are:
0.3,0.33,0.333,0.3333, . . .
Solution! Clearly, the sequence convergesto 0.3, if the terms continue by a

series of 3's.
Moreover, the n™ term of the sequence can be expressed in terms of n as follows:

o.3='3:3[ 9 st[lo'lJ
10 "\ 9x10 9x10
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_ 3 [10”—1} 3
an= — oran = 5

_ 38 _ 3(9)_ 3(10*°-1
3= — = | T -2
100 10°\ 9 ) 10°( 9

10-1)_1f, 1
10 3 100

10" 9

Thus, im 21— = ] =1im [1-2 x L] = jimi-tim =1 =1
D3 w0) e 3730 T e3 3e 1 3 3

n-

Example 26 Evaluate lim

Solution

Jvn?+1-1
nmen®+1+1
Vn®+1-1 n’+1 1
n2+1-1 . n . n> n
lIim —/)—— = Ilim | —//— = limm————
nee o n?+1+ 1 el \n?+1+1 | e n2+1+1
n n> n
1+i_1
= lim n°
"3 1+ 1 +1

) ey /
Ilm\/1+2+llm lim| 1+
n- oo n n-on n-oco

Evaluate each of the limitsgivenin 1 — 18.

1

10

NES .
M +10 am

(3n+)° . AJn?+5 . (2n+3 5n-2
lim X
ann +3n+1 neo N+1

IR - B (C)
[30 +1ooj "T(%j

Lim{@n ) J

S—=~
(o0)
?:
g3
)
o
+
|
Wl
;/
;/
©

2n+5 6n+1

)
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13 Inim[hzz4,3;123+_..+ nZJ 14 Inim(ne‘”) 15 L'ﬂ[%'ﬁj
1
e I ) R L
19 Give examples of sequences{a,}and {b,} such that
a  lim(a, +b,)exists but neither [iman nor |im b, exists.
b F.;: (anby) exists but neither Iimnz;: nor |imnB: exists.

n- o NESCS n- o

20 Leta,= 2" and b, =n! Evduate Iim%

n— oo
n

®] LIMITS OF FUNCTIONS

In this topic, you will use functions such as polynomial, rational, exponential, logarithmic,
absolute value, trigonometric and other piece-wise defined functions.in order to introduce
the concept "limit of a function".

We will see different techniques of finding the limit of afunction at a point such as cancelling

X+5
common factors in rationd expressions, like % forx # 2, rationdization, like

(2 (x+ )

Jx-1
( ) x+1 graphs, tables of vaues and other properties.

x-1 "x+1'
Limits of Functions at a Point

ACTIVITY 2 4

1  Usethe graph to answer the questions below it.
y

|

y=1(x)" 2 |
e
i

=3
Figure 2.8
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i What isthe domain of f ?
ii Give the values of

a f(-2 b f(-1) c (2 d @3 e f@
iii - What number doesf (x) approach to as x approaches

a -o? b -2? c -1 from the right?
d -1 from the left? e 0? f 2 from theright?
g 2 from the l€eft? h 4 from the right?

i 4 from the left? ] 00 ?

.1 .1
2 Explain the difference between the limits leﬁ and Ilm;,wheren NI and x [IR1.

Definition 2.6  The intuitive definition of the limit of a function at a point

[f

Let y = f (x) be a function defined on an interval v
surrounding X, (but f need not be defined at

X = X,). If f(x) gets closer and closer to a single real i
number L as x gets closer and closer to (but not equal 1
to) xo, then we say that the limit of f (x) as x L
approaches X, isL. Vi e
Symbolically, this is written as 7

lim f(X) = Figure 2.9
X=Xy

<

Example 1 Letf(x)=x. Thenlim f(x) =X,

2— .
Example 2 Letf (x) =2 24 Evaluate |XIrT21 f(x)

X
Solution Look at the graph of
x2—4 {x+2, if x#2

—

f(x)= 7

x—2_'—' Aifx=2

As x gets closer and closer to 2, f (X) gets
closer and closer to 4. f

/|

Figure 2.10
= |in;f(x):|in;(x+2) =4

v’ If f (x) approaches to different numbers as x approaches to x, from the right and
from the left, then we conclude that lim f (X) does not exist.
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ACTIVITY 2.5

1 Explain the difference between lim f (x) and f (a).

2 What happensto lim f (x), if f (x) approaches to different numbers as x approaches

to a from the right and from the left? Explain this by producing examples.

3 Thelimit of afunction f (x) as x approaches a from the right is represented by the
symbol lim f(x) and from theleft by lim f(x).
Are lim f(x) and lim f(x) the same for every function f ?

X—a*

What can you say about lim f (x), if lim f(x) = lim f(x)?

4 Consider the following graph of afunction f.

5]
3
2
! X
/ d a b ¢
Figure 2.11
Evaluate the following limits from the graph.
a lim f(x) b Iirglf(x) c Iirr;f(x) d lim f(x)
e Iirg]f(x) f Iirglf(x) g Iirg]f(x) h lim f(x)
Example 3 Evaluate each of the following limits.
2_
a lim(2x-1) b IimM ¢/ limX X *2
X2 x-0 X X-3 X+ 4
245
d IimLX?‘ e lim 2X f lim tanx
X2 X+2 x=1x7 =1 L
2
Solution 2y
a lim(2x-1)=2(2) -1=3 ) lim £ (x) =1
X2 $<_ )S
Lifx>0 i
X ; -
b u= Af x=0 Ilrg]f(x):—l L
X . X
~Lifx<0 Figure 2.12
= |imf(x) doesn't exist.
x-0
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C Look at the following tables of values (taken up to 4 decimal places)
N 209 2.99 2.999 3.1 3.01 3001 |...| 3

-0.5927 | -0.5736 | -0.5717 | -0.5479 | -056917 | -0.5712

To which number does f (x) approach as x approaches to 3?

2_
lim X2 - A 65714
X3 X+4 7
2
X2+x-2 [x+2)(x-1
=( M )=X—Lx¢—2
X+2 X+2
X2+ x-2
im-——%=im(x-1) = -3.
lim = 5 = Jim (x-1)

Look at Figures 2.13 and 2.14 to answer problems e and f.

1| Ay i +YMNL |
| 3y: T A ' () =[tani] |
N == : ! :
NERNEY : : NV
' ; i F 3T
-3 -2\~ 2 3 == -+ =
3\1.—1 t > 2 2
N i | "
=3+ R i |
Figures 2.13 Figures 2.14
e lim =00: Iimiz—oo = IimL doesn't exist.
x-1" X% -1 x-1 x? =1 x-1x% =1
f lim (tan x) = —oo; lim (tanx) =0 = Iim”(tanx) doesn’t exist.
e T o 03
Example 4 Thelimit of a constant function at x = a is the constant itself.
To verify this:
Let f (x) = c. Clearly, f (X) is approaching to c as x is approaching any number, so
that limc =c. 4
Example 5 Thelimit of the identity functionasx — aisa. That is, |im x=a.
0, if x
Example 6 /et f (X) = _ . Evaluate
1 ifx 1 y
A\ () b fim f(x) z
Solution Sketch the graph of f (see Figure 2.15) ! Iy
a Ixi[gf(x)zl,butf(—Z)zo. 3-2-1 | 1 2345
b lim f(X) =1 —2
x-03 Figure 2.15
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Is lim f (x) =1for dl c CRI?

What can you say about c if limf(x) = f(c) =1?

Clearly, ¢ must not be an integer.

Use graphs or calculators to determine the limitsin exercises 1 — 15.

1
) + . .
1 IX|[Q(5X 7) 2 limsin x 3 LIE?—(3X-1)
3
x-1
4 im(2* 5 i 6
lem( ) lefgex—l Ixa1x2+x—2
X-2 X2+ 27 x4 -1
7 8 9 i
Ixlﬁrrzlxz—x—Z llfg X+3 lefrllxa—l
\3&—1 \/;—2 X—4|x
10 lim 11 lim 12 lim X
x-1 X—1 x-4 X—4 X-0 X
5x — X2 X X% -5x -14
13 lim 14 limi 15 |lim E
x-5 X—5 Xa0|X| X =2 -4

16 Discussthe following point in groups. Is the limit of the sum of two functions at a
point the same as the sum of the limits at the given point? Justify your answer by
producing several examples.

Basic limit theorems
Suppose lim f (x) and limg(x) exist and k CIR1.

Then, Ixi[r;(f(x)+g(x)), Lifg(f(x)—g(x)), limkf (). Ixifg(fg)(x), IL”;(%J(X)’
provided that Ixim g(x) %0, exist and
1 Ixi[r;(f(x)+g(x)):Lifgf(x)+lxi[r;g(x)

lim(f(x)-g(x))=limf (x)-limg(x)

Ixi:rr;kf (x)=kLifr;f(x; ﬁ

lim( fg) (x) =lim f (x) Kimg(x)

# I;mf(x) #
(X):W

limy/f (x) =\/Iim f(x) , provided that f (x) = O for x near a.
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See how to gpply the limit theorems in the following example.

Example 7 Iir721(x3+4x2 W 7x+11j
x- X

= limx®+4 Iimxz—lim(l}? limx+lim(11)

X-2 X-2 X-2\ X X-2 X-2
, 2 lim@)

= (2) +4(Iimx) - o2y 7(2) +11
x=2 Im;(x)

=28+4x 22—%+25 =485

The limit of a polynomial function
Suppose p(x) is apolynomial, then lim p(x) = p(c). Explain!
Example 8 lim(x* - 2¢° + 5 + 7x +1) = 3 -23°%+53)%+7(3)+1=94

Theorem 2.2
Let f and g be functions. Suppose lim f (x) and limg(x) exisand f(x) =g (x), XAa.

Then lim f (x) =limg(x).

2—
Example 9 Find Iim); 1.
X-1 -
2 _ 2
Xl i LforxzL Letf(x)=XX 11andg(x)=x+l.

Solution

2_
f (x)=g(x), XAL Then limf (x)=limg(X)= Iirqx—llzliml(x+1):2.
x-1 Xl x-1 ¥ — X—

. Xs¥
Example 10 Find lim )
p X1 ’X _1
X_
Solution What happens to |im when x =1? |Isthe result defined?

x>14/X =1
Rewrite the expression by rationalizing the denominator.
x-1 _(X_l)(\/;ﬂ)
JX A1 x-1
1
= lim =Iim(x/§+1)=2

x-1A/X =1 x-1

3 2 _ v
Example 11 Evaluate lim X3+3X . x=3
x--34x"+12X" - x -3

Selution A3 —x—-3 = X (x+3)—(x+3) = (x*—1) (x + 3)
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A3+ 123 —x—3= 4x* (x +3)—(x +3) = (4x*—1) (x + 3)

. xX3+3%2-x-3 _ .. (Xz—l)(X+3) . x*-1 _ 8
= lim— 5 = lim 5 = lim—=——= = —
A 12— x-3  x3 (4xP-1)(x+3) x-24x2-1 35

2—1

Example 12 Evaluate lim

X2 X

2
2 (2 ;
Solution X3 = —F——:x#0,2
-8 (x 2)( +2x+4) x(x2+2x+4)
l
~ olim—X_=—lim—=t  -_1

x-2x3-8  x-2x(x*+2x+4) 24

( r
evaluate |im ()= (1
x-1 x=1
. Cf(x)-f()  J2ex-1l -1 1
Solution IXITT_ IXIT 1 _IXIT1+ TN

Example 14 |If I|m(f(x)+g(x)) exists, do the limit lim f (x) and I|m g(X) exist?

X=X

Solution Take, for example, f(x) = ilandg (x):

Do |im f (x) and limg () exist? Evaluate I|m (f+g)(x).
X1

X-1

limf () and limg( )bothdontex.st. But
X1 X-1

1- 1 1
lim (f(x)+g(x))= “m(x_:l—-l-'-l—zxzj: lim— X =lim =5

x-1 X x-1 X+1

Example 15 Find fifn X—2
’ i x-2
Cxca o (x-9(x+2) (x-4)(vx +2)

Soluti lim oy _
T O = R (R T M

=1im(Vx+2)=4

X-4
Example 16 Léf(x) = VX . Find L.mf(4+hr)]‘f(4)
0



Unit 2 Introduction to Limits and Continuity

Solution Ihim

f(4+nh)-f(4) _  Jath-2  [Ja+h-2 Ja+h+2
h Ja+h+2

Example 17 Evaluate [jmvx®+x*-6x+5

X-1
Solution x3+x2—6x+5 =0 for X near 1. _
= Iim\/X3+X2—6X+5 = |im(x3+x2—6x+5)= Ji=1
x-1 X-1
Example 18 Find |i.m—“5_X_Jg
x-0 X
N e
Solution lim =lim
e M e ko)
5-x-5 1
=lim——— -—Ilm =
SN N N RN
11
Example 19 Find |im X+ 14
x-7 X=7
i 1 1
im 14-(x+7 -
Solution X7 u =1lim (x+7) =\lim f-x 1
x=7 x-1 14(x+7)(x=7) x=7( x=714(x+7)
1 1
—lim—F——= =~

714(x+7) " 196

V1+/4+x -
Example 20 Evaluate |im JrVa+x \/E

Xx--3 X+3

\/1+ VA+x-v2 _ 1444+ x «/_\/1+ Ja+x +42

Solution
x..—3 FANXE 3 X+3 1t|_.|. 4+ X +\/_
= ‘4+X_1. ! . (Explain!)
X+3 142+ x +2
X+3 1

(Explain?)

X+3.(«/ﬁ+1)(ﬁl+«/ﬁ+2)
1+Jm 2 \/5

Explain!
= 3 . (Explain?)

Xa—a

67



Mathematics Grade 12

1 Use the following graph of the function f to determine each of the limits.

i

5-4-3-2-1 | 1234 \i'

—2

Figure 2.16
a  limf(x) b limf(x) c
X1 X-2
d lim f(x) e lim f(x) f
x -1t X— 4
1-x%,if -1<x<2
2 Let fy= 4 oifx=-1
-x-1if x<-1
x=5, if x=2

lim f (x)

X =2

limf (x)

X-3

Sketch the graph of f and determine each of the following limits.

a lim f(x) b

X--1

Ixi[r;f (x) c

limf(x) d

X-5

im(x)

3 Suppose that f, g and h are functions with lim f (x)=7, lim g (x) =4 and

Ixi[gh(x)=g, evaluate
a Li[r;(f(x)+g(x)) b
O (e(n()

»2 1 (x)+g(x)=5h(x)
4 Determine each of the following limits.

a “mx;3 b ”m—w(er:L—:L
Xx-3 /X2_6X+9 x-0 X2
3
. X°+8 €
d lim e Iimx—
x-2 X+2 x=0|x|+ x
. Snx+1 . -
g lim h Ilm\/; V2
Xx-0 X+ COsSX x-2 X=2
j ”m\/x—1+x/;—1
X-1 'XZ_l

im((9)(x)-3h(x))

. X+1
c lim
xﬂ%3x—1

. X*+x-20
f I|m2—
Xx=5X°+4x -5
”m\/x—2&+1—1
Jx-2

X2
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Limits at infinity
Limits as x approaches «

ACTIVITY 2.6

1 Using the concept of limits of sequences of numbers, evaluate
each of the following limits at infinity.

1 . 3x-1 . X*+1
a lim — b lim c lim
X—0 Y X — =00 X+5 X — 00 X—l

2 Let f(x) = M be arational function.
a(x)
a  If degreeof p (x) = degree of q (x), evaluate Iim%intermsof the
X — 0o q X
leading coefficients of p (x) and q (x).

b If degree of p (x) < degree of q (x), discuss how to evaluate Iim% .
c Do you see arelationship between these limits and horizontal asymptotes of
rational functions?

Definition 2.7

Let f be afunction and L be area number.

If f (X) gets closer to L as x increases without bound, then L is said to be the limit of
f (x) asx approachesto infinity.

This statement is expressed symbolically by |lim f (x) =L

_ 3x*-5x+4
Example 21 Evaluate lim————
Xeo X" +4
Solution Y ou apply the technique which are used in evaluating limits of number

sequences. i.e. divide the numerator and denominator by x? (the highest
power monomial).

3 -5x+4) . (3 5,4
> (3x*-5x+4 e X2 _ xoe X X2 _ 3-0+0=§
i RV x-|  2X2+4 . 4 2+0 2
5 lim{ 2+—
X X =00 X

1-3x 2x+1 j
+

Example 22 Evaluate Iim[ 5
6x+5 x“+7x+1

X — 00
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Solution
13
- - . + .
lim L 3X+ 22X+1 =lim 1~ 3 + lim 22)(—1: lim X +0=—E.
o 6x+5 X2+ 7x+1) e (6x+5) e xP4Tx+1 xoe oD
X

Non-existence of limits
In the previous topic, you already saw one condition in which alimit failsto exist.

. X . I :

For example, Ilng — ,does not exigt, asthe limit from the left and the right do not agree.
x=0 X

Do you see any other condition in which a limit fails toexist?

Consider f () =sin(’—xrj.

. \ T
Y ou know that y = sin x has one complete cycle on theinterval 2m to 4. As — moves
X
It It S MY .
from 2m to 41, x moves from — to — whichis— to ~ . Therefore, the graph of f is
21 4n 2 4

. 11 . .
a complete cycle on the interval 22 , Similarly there is a complete cycle on

. 11 11

intervals | =, = |, |=, =|,and soon.
6 4 8 6

Hence, the graph of f gets more and more crowded as x- approaches 0. i.e. changes too

frequently between —1 and 1, as x approaches 0. The graph does not settle down. That

is, it does not approach afixed point. Instead, it oscillates between —1 and 1. Therefore,

Imgsm(—) does not exist. Thisis the second condition in which alimit fails to exist.
X X

The following is the graph of f (x) = sin(% showing the non-existence of limsin (EJ .

X-0 X

Figure 2.17
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One side limits

ACTIVITY 2.7

1 Sketchthegraphof f (x)=+/x and g(x) = v/~x

Evaluate each of the following one-sided limits based on your knowledge of limit
of afunction f at a point x = a as x approaches a from the right, lim f (x) and asx

approaches a from the left, lim f(x).

a fmfb) b fimfl) e jige(x) d il
2 Use the following graph of afunctionf to JY
evaluate the one side limit. 4
. n . 3
a limf (x) b lim f (x) c lim f (x) 2/ f
. . . 1
4 Imt) e Jme() f  fimf( NVAF:
: : 3-241 | 1 2\3/4 5
9 dpfl) o fimf() o 4%

Figure 2.18

Definition 2.8
1 Right Hand Limit

Let f be defined on some open interval (a, c). Suppose f (x) goproaches a number L as
x approaches a from theright, then L is said to be the right hand limit of f at x = a.

Thisis abbreviated as; lim f (x) =L

y \y
5 y=f(x)
L__m I
| ] X
a b
a b

Figure 2.19
2 Left Hand Limit

Let f be defined on some open interval (c, b). Suppose f (x) gpproaches a number L as
x approaches b from the left. Then L is said to be the left hand limit of f at x = b.

Thisisabbreviated by lim f (x) =L

X-b~
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Example 23 Let f(x) = Vx-4 .

Find JLT f (x)

Iin]\/x—4=0

X4

Example 24 Evaluate

Solution

limv9-x2

1y
2
1.6
1.2
0.8 f(x)= Vx-4
0.4 -
X
2 4 68 10

Figure/2.20

Ay
5

a  limyJ9-x? b
X3 X-3
c lim V9-x? d limv9-x2
x--3" X-=3"
Solution Look at the following orders:

3 <3<3and-3 <-3<-3"
(3)?=9 and (3)?=9"
(-3)? =9" and (-3")2=9"

Asx - 3",9-x> ., 0 and, asx - 3,9—-x? . 0"

4
f(X)= V9-x°.
\ :

~4-3-2 -1

B2 B D

Figure'2.21

Therefore, ;
a Iir\z’]\/Q—X2 doesn't exist b limvy9-x2=0
X— X3
c limv9-x% =0 d lim ~V9— x* doesn't exist.
x--3" X -3
Example 25 Evaluate
. 3x-1 . 4x-3
a lim b lim
x-2 X=2 x--2" X+ 2
Solution Let usinvestigate these limits graphically.
3x-1 4x-3
Let f(x)= and g(x) = :
(=" and g(x) =~
LaalY
110
] f(x):f%?
__________ 4
)
! X
108 6-4-3 | 2 4 6 8 10
]
a b lim g(x) =-o0

Figure 2.22
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ACTIVITY 2.8

1 Use the above graphs to evaluate each of the following limits.

limf(x) i limg(x) Qi lim £ (x) v lim g (x
X2 X =27 X - 0 X - =00
2 Discuss the existence of the limit of afunctionf at x = a, if

i lim f(x)=lim f(x) i lim f(x)#lim f(x)

What can you say about lim f (x)and lim f (x), if lim f (x)=L?

X—a

Two side limits

Definition 2.9

Let f be afunction defined on an open interval about a, except possibly at a itself.
Then, lim f (x)exists, if both lim f(x) and lim f(x) exist and are equal: That is,

lim f (x) exists, if lim f(x) = lim f(x).

Inthiscase, lim f(x) = lim f(x) = lim f(x).

Infinite limits
Example 26 Evaluate each of the following limits.

1 1
a lim b lim c lim d lim
x-2 4-—X2 x=2 4-—X2 X 52" 4-—X2 X—=2 4-—X2
f(x)="
Solution  Sketch the graph of f (x) = i in order 5y 4-x°
. . o | ) |
to determine each limit at the sametime. I I
If you try to substitute x = 2, the - X
denominator equals 0. ; Ty & J !
1 | |
a XILT g - The graph is | j !
going up indefinitely to . Figure 2.23
b Iiry 4 1 > = —o0. The graph is going indefinitely down to —o.
B X —X
c [ =00 d lim = -
xll[g" 4- X2 x--2" 4— X2
Recall that the lines x = 2 and x = -2 are vertical asymptotes of the rational
function f (x) At
4-x*"
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Vertical asymptotes

The vertical linex = a isavertical asymptote to the graph of y =f (x), if one of the
following istrue.

1 limf(x)=ew 2 limf(x)=e 3 limf(x)=-c 4 limf(x)=-w

Al P
e NEs
B i )
ENE i
a  limf(x)=o b /limf(x)=-o
y ! Y o
B O B ? : ia
c lim f (x)=o0; limf(x)=-w d lim f (x)==c0; lim f(x)=o0

Figure 2.24

| Exercise2.7 |

1  Thefollowing table displays the amount of wheat produced in quintals per hectare.

year W 1995 1996 1997 1998 1999 2000 2001

Qutinal [Es] 43.6 49.5 53 55.8 57.5 59

Based on this data, the organization that produces the wheat projects that the yearly
140x + 25

product at the x™ year (taking 1995 as the first year) will be p(x) = X+ 3

quintals. Approximate the yearly product after along period of time.
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4

Suppose the unemployment rate of a certain country x-years from now is modelled
5 u(x) _ 45x + 35

Ox+2
the formula, discuss whether the unemployment rate increases or decreases.

percent. Find the level it will reach as time gone. Based on

Evaluate each of the following one-side limits.

a lim Vx-1 b lim Vx-1 c lim+/1- x?
x-1* X1 x -1
d Iirrl_\ll—x2 e lim V9-x? f lim +9-x?
X — X - =3 X -3
g lim L h lim L i lim iz
x-5 xX—-5 x-5 X-—-5 x-0" X
. .1 4x +|X
j lim— k  lim J I lim v4-vx*-9
X-0 X x- 0" 4x—|x| x5

Use the following graph of afunction f to determine the limits below.

JiiH

-5 N2 3 4 5
Figure 2.25

a lim f (x) b lim f (x) C lim_f (x)
d Iinlj f (x) e Iinl:l f (x) f |in”2| f (x)
o dmat) v dmil) 0 mie
. e ifx<2 x?=x, if [x|<1

X = - =

) (e-1)x+3, if x>2’ 9 () 1 if |x>1

X

Evaluate each of the following one side limits.

a lim (f(x)+9(x)) b lim (f(x)-g(x))
C im f (x X im f(x)—g X)
Lr T wi d Jn f(x)g(x)
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6 In each of the following functions, determine whether the graph has a hole or a
vertical asymptote at the given point. Determine the one side limits at the given

points.
X x*+1
a f(x)=——;x=-5 b f(x) = x=-1
®) X+5 ®) X+1 X
X% - -3y
c fx= ‘x ﬂ,x=1 d fix)= %;X=3
— X_
1
e f(= 1+—;'x=0 fofM= ——ix=7
1_1 sinx
X

7] CONTINUITY OF A FUNCTION

The term continuous has the same meaning as it does in our everyday activity.

For example, look at the following topographic map between two places A and B on the
graph. The y-axis represents how high, in metres, above sea level each point is and the
x-axis represents distance in kilometres, between points.

500

Figure 2.26

This curve is drawn from A to B without lifting the pencil from the paper. The graph is
useful for finding the height above sea level of every point between A and B.

Think of continuity as drawing a curve without taking the pencil off of the paper.

Continuity of@ Function at a Point
ACTIVITY 2.9

Look at the following graphs.

From each graph evaluate lim f(x)and f(x,)and decide whether those values
X=X

are equal or unequal. Determine whether or not each graph has a hole, jump, or
gap at X = Xo.
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Figure 2.27
Which of the above graphs are connected at x = x,?

Definition 2.10 y
Continuous function at a point

A function f is said to be continuous at Xo, if

i X CD}(domain of f) (o)
i lim f(x) existsand /
i limf()=f(x,) lim f(x) = f(x,)

Figure 2.28

Notice that the graph has no interruption at Xo.
If any of these three conditions is not satisfied, then the function is not continuous at x = Xo.

Definition 2.11

A function f is said to be discontinuous at x,, if f is defined on an open interval
containing X, (except possibly at x,) and f is not continuous at Xo.

Example'd Letf(x):m.lsfcontinuousat x=-3?,x=0?and x=17
X

1ifx>0
Solution  f(x) =_M:> f(x)=4-1 ifx<0

X
A fx=0
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What isthe domain of f ? What is Iirrg f (x)?

The function is not continuous at x = 0. f(x)= %
y1
lim f (x)= (1) and lim f (x) = (-3) (
— fiscontinuousat x =1 and x = -3. = 02 a0 tx?
Suppose ¢ 2 0, then what is lim f (x)? 10
What is the value of T (C)? 5]
Is f continuous at x = c? flgurg 2.29
2
Example 2 Letf(x)= X Isf continuous a x = 0?
|X| x?
. f (x) = v
(% ifx>0 X
« :
Solution N: /L/—_IffX=0
-X, ifx<0
(@]
f (0) is undefined. But lim f (x) =0.
— f isnot continuous a x =0 Hglire’2.30

Example 3 Find out the condition that makes f (x) = discontinuous & x = 3?

Solution f isdiscontinuous at x = 3 because
[ f (3) isundefined
1
.. . — f =
! Xltrgf(x) * (X) X-3

()
x=3
y

X
i 1=

= lim f (x) doesn't exist.
X 3

Note that f is unbroken on the interval (3, )
and on (-00, 3). Figure 2.31

- . j . : . 0, if x LZ
Example 4 Consider the piecewise defined function f(x):{l P

. 1
Isf continuous at x = 1? x :E?

Determinethe set of numbers at which f is discontinuous.
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Solution
H - - A y
a limf(x)=landf(1)=0 3
2
= fisdiscontinuousat x =1
b Iin?f(x):landfbjzl 5-4-3-2-1 | 12345
xai L ¢
. . 1 A
= f iscontinuousat x= — . 7
2 Figure 2,32

Use the graph in Figure 2.32 to evaluate lim f (x) when cisan integer.

Do you see that f is discontinuous at every integer?  Justify!

JXx?-3x+2

Example 5 Show that f (x)= is continuous at x = 3.

Xx-5
Solution What isthe domain of f ?1s 3 in the domain of f ?
F-3(3)+2
3-5 2
," 2_
A|g), ||mwz—£
x-3  x=5 2

= fiscontinuousat x = 3.

PEF] Continuity ofa function,oh an Interval

Consider the following graph of afunction f.

Determine those intervals on which the graph is drawn without taking the pencil off the paper.

Y

DT

‘Y:m

X

5-4-3-2-1 | 12345

N

B

BN W

Figure 2.33
The function is discontinuous at x = -1, x =1 and x = 3.
The graph is continuously drawn on the intervals.
(=0, -1),(-1,1), (1, 3] and (3, )
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Definition 2.12 ry
(One side continuity)
A function f is continuous from theright a x = a .
provided that \/’\\
lim f(x)= f(a).
fim £ (x)= 1 (a) \
A function f is continuous fromtheleft at x = b a k
provided that
lim f = f (b).
xljt? (X) ( ) Figure 2.34

Example 6 Let f(x)=+1-x*; show that fis continuous from the right at x = =1 :
and continuous from the left at x = 1.

Solution

a limv1-x*=0and f(-1) =0

X -1

b Iinl1_ V1-x*=0andf (1)=0

The graph of f, shown in Figure 2.35, aso 4 o8 06 04 02 0 07 04, 06 08 1
illustrates the answers. Figure 2.35

1
Example 7 Show that g(x)=+/1-3x iscontinuous from the left at x = 3

Solution From the graph one can see that Iirr11 gx)=0=g GJ

Xies
3

vy

Figure 2.36
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= % Show that f is continuous neither from the right nor
X —_—

fromtheleftat x =3
Solution The basic strategy to solve such a problem isto sketch the graph.

=x+3 if x>3 ol
ﬂ it x=3 ] /
=3 12 3 if x<3
lim £ (x)=lim (-x-3)=-6 e, X

4

Example 8 Let f(X)

RS ]

But f (3) isundefined
= fisnot continuous from the left at x =3

En.LK
LS
3 B
@
@

Similarly, f is discontinuous from theright at x. = 3. Figure 237

We know that the polynomials x + 3 and — x — 3 are continuous on the entire intervals
(3, ) and (-0, —=3), respectively.

Definition 2.13
Continuity of a function on an interval.
1 Open interval
A function f is continuous on an open interval (a, b), if

Ixipg f(x)= f (c) cI{a,b).

y

<

|
|
T
|
t
[}
1
|
1
|
|
|
|
|
|

|
|
T
|
t
[}
1
|
1
|
|
|
|
|
a
|
|

Figure 2.38
2 Closed interval

A function f is continuous on the closed interval [a, b] provided that
i f iscontinuouson (a, b)
ii f iscontinuous from theright at a, and
iii f iscontinuous from the left at b.

A function f is continuous, if it is continuous over its domain.
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Some continuous functions

Polynomial functions

Absolute value of continuous functions
The sine and cosine functions
Exponential functions

AN N N NN

Logarithmic functions

Example 9 The following is the graph of a function f. Determine the intervals on
which f is continuous.

/OHK\ /C\ /X

ab | ¢ A le \/

O—0
Figure 2.39
Solution It is continuous on (-, a), [a, b], (b, c], (c, d), [d, €], (e, f), [f, ).
Example 10 Determine whether or not each of the following functions are continuous on
the giveninterval:
1 x* -4
a f(x)—;,(O,S) ; b f(x)= > .(-3,3)

¢ f() =252+ 7x+ 11, (~o, o).
Solution
a fisarationa function and x # 0 for each x [{0, 5). Hence, we conclude
that f is continuous on (0, 5).
b  fis undefined at x = —2. Hence, f is discontinuous a x = -2 but f is
continuous at any other point on (-3, 3). Thusf is not continuouson (-3, 3).

c Every polynomial function is continuous on (-, «). Thus, f is continuous

on (=00, ).
4-x,if x<1
Examplet1 Let f{(x)s S, lf. 1< x<4
-1 if x=4
x+1if x>4

Determine the intervals on which f is continuous.
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Solution

From the graph on Figure 2.40 you may see that f is continuous on (—, 1), [1, 4)
and (4, ). But it isdiscontinuous at x = 1 and x = 4.

"

5 f 7
8
™ 6 f I
g o
0 3 y : —o—2 __ _ _
, e 5 : : I 3 3
4 1
Figure 2.40 Figure 2.41 ;
Example 12 Let f(x)= % Find the intervals where f is continuous.

X*-x-2_ (x-2)(x+1) _x-2
-1  (x-D(x+1) x-1
f isdiscontinuousat x = -1 and x = 1.

Jif x£-11

Solution

f iscontinuouson (-, —1), (-1, 1) and (1, ) asit isshownin Figure 2.41.

o

27 0if x<-1
Example 13 Let f(x)=42x+2,if -1<x<3
4-x,if x=3
Determine the intervals on which f ° f
iS continuous. .

Solution Look at the graph of f.
Are—1 and 3inthe domain of f ?
f iscontinuouson (—o -1) ;. [-1, 3), [3, ») Figure 2.42

Example 14 Determine the interval on which f (x)=+/x* -1 iscontinuous.
Solution’. “In f(x)z Vx*-1,x*-120=|x|21
The domain of fis {x:[x| 21}

Explain why f is discontinuous on (-1, 1)!
f is continuous on (—oo, —1] U[1, ). (Explain!)
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Let f(x)=——. What is

Neaed y
the largest interval onwhich f is §
continuous?

First determine the domain and '
sketch the graph of f. ‘ ‘

: : , 33
Explain why f is continuous on (—2,2). Fidure.2.43

Isthere an interval larger than (—ggj on which f is continuous?

Determine the value of a so that the piecewise defined function
X+3 ifx>2 _
f(x)= - is continuous on (—, ).
ax-1 ifx<2
If fiscontinuouson (—o, o), then f must be continuous at x = 2.

= lim f(x): f (2):>Xllrp(x+3):a(2)—1:>5:2a—1:>a:3

)
N f(X):{x+f-3,i1.‘x>2
x-Llifx<2
ax+h,if x< -2
Let f(x)={2x+a,if ~2<x<3
ax> —bx+4,if x>3
If f isacontinuous function, find the values of a and b.

f should be continuous at x = =2 and .x = 3 becausef is acontinuous
function.

i f iscontinuousat x = -2
= lim f(x)= f(-2) = lim(2x(-2)+a) = (a(-2) +b) = -4+a=-2a+b

X =2 x-2"
= 3a-b=4... . .. il equation (1)
ii  fiscontinuousat x =3

= Iir;]f(x): f(3):|irg](ax2—bx+4):2(3)+a

= 9-3b+4=6+a

= 8a-3Pp=2...... equation (2)
Solving the system of equations

{gg B4 dvesa=10 adb=26.
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Discuss the continuity of the function f(x)=+/3-vx*-16

In /x> -16,x*-1620= x* 216 = |x| 2 4

In,y/3-/x?-16,3-/x*-16 20= 3> x*-16 =252 x*= |x| < 5.
Thus, I x| = 4and|x| < 5
= fiscontinuouson [-5, -4] and [4, 5].
A library that rents books a lows its customers to keep abook up to
5days at afee of Birr 10. Customerswho keep abook more than

5 days pay Birr 2 penalty plus Birr 1.25 per day for beinglate beyond the
first 5 days. If c(x) represents the cost of keeping a book for x. days,
discuss the continuity of ¢ on [0, 20].

We first determine a formulafor c(x). From
the given information, the fee for the first 5

daysisBirr 10. vty ¢ () =1.25x+5.75
—c(x)=10,if0<x<5. i
121 =10
Forx>5,¢ (x) = 10 + 2 + (x—5) (1.25). ‘Explaint 100207
=1.25x + 5.75 o
N
10, if 0<x<5 2 X
=c(x)= 12 75 it ST i E 5 h
25x+5.75,1f x>5 Figure 2.44

The constant 10, and the polynomial 1.25x + 5.75 are continuous on (0, 5] and

(5, 20] respectively. Thus, ¢ iscontinuouson (0, 5] and (5, 20].

But IirEr)] c(x)=1.25(5)+5.75=12

lim cx(x) =10 = Ixifr;c(x)do&sn‘t exist = Cisnot continuous a x =5
Properties of continuous functions

Suppose f and g are continuous at X = X,; discuss the continuity of the combinations of f
and g.
Isf + g continuous at X = Xo?

lirp(f +g)(x)=linx10(f(x)+ g(x))zling f (x)+lir11g(x). Why?
=f(Xa) +9 (Xo) = (f+9) (Xo)
Hence, f + g is continuous at x = Xo.

Explain that the continuity of the combinations of f and g is an immediate consequence
of the basic limit theorems.
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Properties of continuous functions

Theorem 2.3
If f and g are continuous a X = X,, then the following functions are continuous at x = Xo.
1 f+g 2 f-g 3 kg, kK1

4 fg 5 i, provided that g (Xo) Z O.
g

Example 20 Letf(x) =x, g (X) = sinx. Discuss the continuity of the combinations

of fandgatx =0.
Solution f and g are continuous a x = 0. Hence, f + g, f —g, kf and fg are continuous
ax=0. I|mﬂ = lim _X =1
x-0 g(x) x-0 g§in X

But, i(O) is undefined. Hence, Al is not continuous at'x = 0.

g
Example 21 Discuss the continuity of the function given by
_ _v2 < 4 y (3, 4)
£ = 4-4/9-x%,if |x|<3
10-2x,if x>3

Solution Can you determine the range
of values of +/9- x> ? What

is the curve represented by X
y=4-/9-x2? 2 2 4 6
Do you see that M
1<4-9-x? <4? #

Figure 2.45

The function is continuous on
[-3, ) asit isshown in the figure.
Some of the above ex_érhples are the compostions of two or more smple functions.
In general, you have the followi ng theorem on the continuity of the compositions of
functions. ;
Continuity of compositions of functions

Theorem 2.4
If afunction f is continuous at x = X, and the function g is continuous at y = f (xo),

then the composition function gof is continuous at X = Xo.
e, limg(f(x))= lim g(y)=g(f(x))=(gof )(x).

y”f Xo
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Example 22 Letf(x)=x?=3x+2andg (X) =+/ x.
Show that gof is continuous at x = -1.
Solution Xo = -1, fiscontinuous at x = -1. Explain!

f (X)) =f(-1) =6 = giscontinuousat y = 6.
In short, Iirpl(gof)( )—Ilm VX2 =3x+2 Ilml(x —3x+2)
=J6

Maximum and minimum values
Maximum and minimum are common words in real life usage.

For example, Dalol Danakil Depression in Ethiopia has the maximum average annual
temperature in the world which is 35°C.

The minimum average annual temperature in the world is-57.2°C which is in Antarctic.
Discuss other minimum and maximum values that exist in real world phenomena.

Maximum and minimum values of a continuous
function on a closed interval

Example 23 Find the maximum and minimum values on the closed interval.
a f(x)=3-1on[-2,3]. b f(x)=-x*+3x—4 on][l,5]

Solution

f(x)=—x*+3x—4

. Figure2.46 Figure 2.47
7<f(<8 XD, 3] —14sf(x)s—£ [T, 5]
The maximum value s 8. The maximum value is —1%
The minimum value is—7 The minimum value is-14.
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The intermediate value theorem

Theorem 2.5 The intermediate value theorem

Suppose f is a continuous function on the closed
interval [a, b] and k is any real number with either
f(a)<k<f(b)orf(b) <ks<f(a),thenthereexistsc

in[a, b] such that f (c) = k.

Example 24 Show that f (x) = x® + x + 1 has a zero between
Solution Using the intermediate value theorem, k = 0, a
f(-1)= (-1)°-1+1=-1<0.
f(0O) =0+0+1=1=1(-1)<0<f(0)
= [c1 41, 0] suchthatf (c) =0.

Figure 2.48

x=-1and x=0.
=-1,b=0,

Example 25 Show that the graph of g(x) = x° = 2x>+ x — 7 crosses the liney = 7.3

Solution f()=1-2+1-7=-7
f(2=32-16+2-7=11
=f(1)<73<f(2)
= The graph crossesthe liney = 7.3

Example 26 Use the intermediate value theorem to locate the zeros of the function

f(x) =x*—x3=5x%+2x + 1.
Solution Every polynomial function is continuous.
f(0)=1>0
f(1)=1-1-5+2+1=-2<0
= fhasazero between x =0-and x = 1.
f(2)=16-8-20+4+1=-7<0and
f(3)=81—-27-45+6+1=16>0

e N w

X,

= f hasazerobétweenx =2andx=3 -5-4 3-2-1 | 1 2 3 4 5

f1)=1+1-5-2+1=-4<0

= fhasazero betweenx =0and x = -1
f(-2)=16+8-20—-4+1=1>0

= f has azero between x = —1 and x = -2

88
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v' Discontinuous functions may not possess the intermediate value property. To see
this, consider f (x) = E whichisdiscontinuousat 0. f(-1) <Oand f (1) > 0 but
X

thereisno value of x in (-1, 1) such that f (x) =0

Approximating real zeros by bisection

Let f be acontinuous function on the closed interval [a, b]. If f (a) and f (b) are oppositein
sign, then by the intermediate value theorem f has a zero in (a, b)..In order to get an

interval | c (a, b), in which f has zero, bisect the interval [a, b] by the midpointc = %b_ :

If f () =0, stop searching a zero. If f (¢) # 0, then choose the interval (a, c) or (c, b) in
which f (¢) has an opposite sign at the end point. '

Repeat this bisection process until you get the desired decimal accuracy for the
approximation.

4 : 1
Example 27  Approximate thereal root of f (x) = x*+ x — 1 with an error less than—

16°
Solution Using a calculator, you can fill in the following table and get a number
asrequired. -
ite si Sign of f
_Opp03|te sign Mid-point ¢ g
interval (a, b) f(a) f(c) f (b)
(0.5,1) 0.75 - + i
(0.5,0.75) 0.625 - _ +
ERCZNIONN o5 | - [+ ;

f (0.6875) = 0.012451172 < 0.0625 = 1_16

= 0.6875 is aroot of f with an error Ie&thanl—l6

Example 28 . Use the bisection method to find an approximation of 37 with an error

1
lessthan —.
20

Solution Let x =37, thenx® = 7 = x*— 7 = 0. Define afunction f by
f(x)=x*-7,f(1)=—6<0andf(2)=1>0
= fhasared root in (1, 2).
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Look at the following table.

Opposite sign . . Sing of f
AR Mid-point c f@] 1 :  (b)
(1,2) 15 _ _ R
(15,2) 175 - -
(1.75.2) 1875 - _ -
(1.875, 2) 19355 | - ; ;
(1.875,1.9375) ERECEE ~ -
RN oM 1921675 | — -
(1.90625, 1.921875) RN RIE - \

1
f (1.9140625) =0.01242685 < 0.05 =

= {7~ 1.9140625 with an error less than 2—10'

Theorem 2.6 Extreme value theorem

Let f be a continuous function on [a, b]. Then there are two numbersx; and Xz in [a, b]
such that f (x1) < f (x) < f (xo) XTI [4 b].

f (x2) is the maximum value and f (x1) is the minimum value.

uy

(™
AL

)I(1b

Discuss the following points by drawing graphs and
producing examples.

Are there maximum and minimum values, if
[ the function on [a, b] is not continuous?

ii the function is continuous on (a, b)?

il thefunction is not continuous but defined on an open interval ?
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Let f be continuous on [a, b]. Answer the following points in terms of f (a) and

f (b). Use graphs to illustrate your answers.

i Find the minimum and the maximum values of f (x) when f is an increasing
function.

ii Find the minimum and maximum values of f (x) when f is decreasing.

Discuss the following statements using the intermediate value theorem.

i Among all squares whose sides do not exceed 10 cm, isthere a square

whose areaiis 113/7cm?, 11417 cm??

ii Among all circleswhose radii are between 10cm and 20 cm, isthere acircle
whose areais 628 cm??

il Therewas ayear when you were half astall as you are on today.

| Exercise2.8 |

Determine whether or not each of the following functions is continuous at the

given number.
a f(x)=3,x=5 b f(Xx)=2¥*-5x+3;x=1
_(x-3) _(x=4). o

c f(x)= |x—3| ;) X=3 d f(x)= TR x=-1
sinx,x>0 X1, if |x>1

e f(x)={Lx=0 ;x=0 f f(x)=10,if x= +1 ;x=%1
1,x<0 1-|x], if [x| <1
X

If the piecewise defined functions below are continuous, determine the values of
the constants.

ax’+bx+1 if 2<x<3

ax-3 ifx > 2
a f(x)= 3 ) b f(x)=qax-b,if x<2
2x+5, ifx < 2 .
bx+4,if x>3
JX*-2x+a, if%sxsg
c f(x) = 3 . 3
—[-x3+2x==, ifx<Zor x>=
4 2 2
k(X—5) —c| -
22 Y x#+ >
q (0 = x2—25’x 5 . f(x ={2 -,IfX 4
T 2x, if x<4
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3 Find the maximum possible interval (s) on which these functions are continuous.

2_
X4 it x#2 P
a f(x)=1x-2 b f(x)=e™

8 if x=2

o
¢ f(x)={tygTx#! d fo= Ji-4¢

5if x=1
5(x3+1)
1 T if x#-
e fX= —— P of(x)=d g XL
o 10, if x=-1

g fXx)= v 2-v5-x

The monthly base salary of a shoes sales person is Birr 900. She has a commission
of 2% on all sales over Birr 10,000 during the month. If the monthly sales are Birr
15,000 or more, she receives Birr 500 bonus. If x represents the monthly sales in
Birr and f (x) represents income in Birr, express f (x) in terms of x and discuss the
continuity of f on [0, 25000].

X EXERCISES ON APPLICATIONS OF LIMITS

ACTIVITY 2.10

1 Let x be areal number. Fill in the table below with appropriate

values.

0.0001 | 0.0002 | 0.0003 | 0.0004 | 0.0005 | 0.0006

. .9nXx
2 UsethetabletopredlctllngT.
snx .. 9nx
3 Usethefollowing graph of f(x) =T todetermlnellngT.
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0.2

-0 a—Zn\ J/n -2“2- 2 n\; ﬁ" 8 ¥

Figure 2.51

Theorem 2.7

sinx

m—— = 1, wherex isinradians.

Example 1 Evaluate each of the following limits.

I

sin(3 . i LY :
a lim (X) b Imxsn(l) c Iimxzsin[izj
Xx-0 X X — 00 X X5 00 X
. / X v Sin(3x
d Ilmi e lim ti i p m#
x-0gnx X0 gnXx x-0 9n(4x)
. sin®x . 1-cosx . _sin(x-1)
9 x° N X2 ! IXI[ql—x+ x? - x*
Solution
sin(3x 3sin(3x sin(3x
a lim ( )=I|m ( )=3Iim ( )=3
X0 X X-0 (3)() X0 3)(
1
sm[] n
b Iimxsin(—]zllm X =I|m[—y]=1 where y =
X — 00 5 X -0 1 y-0 y
X
Sni . 2
%2 sin
c Iimxzsin[izjzllm X =I|m{ (Zy) ]zl. Why?
X .00 X X - 00 i y-0 y
. X2
1
d [im——=1lim J—l Why?
x-0gNX, x-0 (SIHX)
X
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Figure 2.52

(tanx) I.mtanx
iR i anX
e imPXofimd X Zox0 x L
x-09nX XHO(SnX) I Ianx 1
=2 im=—-=
X X-0 X
(Ssin(sx)j
sin(3x 3%
e imSn3) Cpl =3 why?
x-0sin(4x) xﬂo( S|n(4x)j
4
4x
sin®x snx )
o timT=(im T =1
L7 Cosx _ . 1-COSx 1+cosX _ . 1- cos® x
h lim =lim > =lim—
x-0 X x-0 X 1+cosx *-0 x*(1+cosx)
_ (sinx Y 1 1 1
=lim| —— | im Xx— ==
x-0\ X x-0 (1+cosx) 2 2
sin(x-1 -sin(1-x -sin(1-x
S s s
CIL-x+xE =X o (1-x) 3 (1=x) e (1-x) (X +)
sn{l-x
=-lim ( )El]im[ 21 j— d
FINM-X -1\ Xt 2
Example 2 The area A of a regular n-sided polygon
inscribed in acircle of radiusr is given by
A:nrzcos180 sn 182
n n
Using the fact that the circle is the limiting
position of the polygon as n — o, show that
the area A of the circleis A= 7rr?.
Proof:

A=limnr? cos

n-oo

=r?lim

n-oo

80° . 180°
sin
n n

ilf;j

- /i
=r“lim ncos— .sin—
n- e n n

T
cos—. lim =2 x1x 7 = 711>
n n-oo

n
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Computation of e using the limit of a sequence

L HISTORICAL NOTE

Leonhard Euler (1707-1783)

Swiss mathematician, whose major work was done in the field
of pure mathematics. Euler was born in Basel and studied at the
University of Basel under the Swiss mathematician Johann
Bernoulli, obtaining his master's degree at the age of 16.

In his Introduction to Analysis of the Infinite (1748), Euler gave the first full
analytical treatment of algebra, the theory of equations, trigonometry, and
analytical geometry. In this work he treated the series expansion of functions and
formulated the rule that only convergent infinite series can properly be evaluated.

k
He computed e to 23 decimal places using (1+%j .

In Grade 11, you have used the irrational number ein expr&ssmns and formulae that
model real world phenomena.

ACTIVITY 2.11

k
1 Consider the sequence {[“%) }
k=1

w

a Isthe sequence monotone?
Justify your answer by filling up the values in the following table.

1 2 3 4 S 10 100 | 1000 | 10000

k
b Find the smaller positive integer k such that [1+ %j isgreater than 2.5, 2.7,

2.8.
c What do you see from the table as k increases?

— 00

k
d Find apositive integer n suchthat n<lim (1+%) <n+1
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1Y 57
> Let f(x)=(1+—j /
X o]
f
What is the domain of f ? WL y=e
b Look at the graph of f. Isf continuouson ol
grap R ’//_— ;
(-1, 0]? Why?
c  Usethe graph to evaluate lim f (x) and " )
lim f(x) 5 4 2 0 2 4 &
X=—e . Figures 2.53

Theorem 2.8

X
lim (1+ ij e adim (1+ L
X — 00 X X — —00 X

X 00 X

1 Xx+100 1 X 'y 1 100 1 '100
Solution Iim(1+—j = Iim(1+—j .Iim(1+—j =e(lim(1+—D =e. Why?
xoo\ X xao\ X)Xl X O ¢

In generd, you can show that lim (1+—j =e for ¢ [CRR]
Xﬂ.oo X

X + 100
Example 3 Evaluate lim (1 + —j

Example 4  Evaluate lim (1 +gj
X - 00 X

Solution  Let L = 2 thenx=oy.
Yy X

9Y 1)” adi
Thus, lim (1+—j = Iim(1+—j _{Iim[k—} ] =éd Why?
X 00 X y-o y Yo y

In general, we can show that lim (1 + Ej = ¢° forc [
X X

Example 5 "Evaluate lim (%} .
\ X g0 - X

Solution lim (Lj = lim _ 1 :i:e3

X X_3 X - 00 X e—3
-
X
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1-4x
. +
Evaluate lim (SX 1)
x-me \ OX—3
_3 4x-1 -3 4
1-4x 4x-1 1+ 5
. + . - e
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Continuous compounding formula

nt
Consider the compound interest formula. A= P [1+ 10:) J
n

If the length of time period for compounding of the interest decreases from yearly to
semi annually, quarterly, monthly, daily, hourly, etc, then the amount A increases
but the interest rate for the period decreases. That is, as n — oo,ﬁ - 0. In this
case, the interest is said to be compounded continuoudy. Find a formula for the
amount A obtained when the interest is compounded continuously.

If Birr 4500 is deposited in an account paying 3% annual interest compounded
continuoudly, then how much isin the account after 10 years and 3 months?
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B[ Key Terms

continuity function
convergence glb
decreasing increasing
discontinuity infinity
divergence limit

[l summary

lower bound
lub
maximum
minimum

monotonic

1 Upper bound and lower bound

null sequence
one side limit
sequence

upper bound

i A number mis called an upper bound of a sequence {a}, if and only if

m = a; I_Ti_IIZ{?aIn}

ii A number k iscalled alower bound of asequence {an}, if and only if

k < aj II_IE{__aln}

2  Least upper bound (lub) and greatest lower bound (glb).

i A number / issaid to be the least upper bound (lub), if and only if 7 isan

upper bound and if yisan upper bound, then/ <.

ii A number g issaid to bethe greatest lower bound (glb), if and only if g is

a lower bound and if x isalower bound, then g > x.

3 A sequence{an} issaid to be monotonic, if it is either increasing or decreasing.

A sequence{a} issaid to beanull sequence, if and only if Lim a, = 0.

5  Convergence properties of sequences

If lima, = L and lim by = M, then

n- oo

i lim(a,£b,)=L = M

n- o

ii limca, = cL; wherec isaconstant.

i lim(ah) = LM

a

iv lim =~ = L,providedthatMiO, and b, # O for any n.

e b M
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Limit of a function

A number L isthe limit of afunctionf at x = a, if and only if f (x) goproachesto L

as X - goproaches a but f need not be defined at a. Thisis expressed by
limf(x)=L

One side limits

| A number L is said to be the right side limit of afunctionf at x = a, if and
only if f (x) goproachesto L as x approachesto a from theright. Thisis
expressed as: lim f(x) = L.

X->a

ii Likewise, we can define the left hand side limit and expressit as:
lim f(x)=L.

li  lim f(x)=L,ifandonlyif lim f(x) = lim f (x) = L.

Basic limit theorems
If limf(x)=L andlimg(x) =M, then

i lim(f(x)+g(X))=L+M i  limcf(x)=cL for aconstantc.

i lim(f(x) @(x)=LM iv im0 oL provided that M # 0.
X-a X-a g(x) M

Continuity

[ A function f is said to be continuous at x = Xo, if the following three
conditions are met.

a  f(x)isdefined b limf(x)exig ¢  limf(x)="f(x)
X=X

X — Xy

ii A function is continuous on an open interval (a, b), if it is continuous at
each number in the interval.

iii A function f is continuous on aclosed interval [a, b], if it is continuous on
(a,b) and Iim f(x) = f(a) and lim f(x)= f(b).
iv. A function f is said to be continuous, if it is continuous on its entire domain.

Properties of continuous functions

If f and g are functions that are continuous at X = X, and c is a rea number, then
the following functions are continuous at Xo.

[ scalar multiple: cf ii sum and differencef £ g

il product: fg iv. quotient: r provided that g (xo) # O.
g
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Continuity of composite functions

If g is continuous at x = X, and f is continuous at y = g (Xo), then the composite
function given by (fog) (x) = f (g (X)) is continuous at X = Xo.

Intermediate value theorem

If f is continuous on [a, b] and k is any real number between f (a) and f (b), then
thereis at least one number ¢ between a and b such that f (c) = k.

Extreme value theorem

Let f be a continuous function on the closed interval [a, b]. Then there exist two
real numbers x; and X2 in [a, b] such that f (x2) < f (x) < f (x1) for al x [[aJb]. In
this case f (X2) is the minimum value of the function f on [a, b] and f (x;) is the
maximum value of f on [a, b].

Two important limits

. . §nx . . 1Y
i lim — =1 ii I|m[1+—] =e
X-0 X X - *o0 X

tdl|l Review Exercises on Unit 2

100

Evaluate each of the following limits.

: +1 : -
a lim(2x-1 b lim ZX— c lim \/3 3
x-0 x=1 X“+7X+6 x-9 x°-81
: X+ 4-2 . COSX
d lim ——— e lim ——
x-0 X x-0 X
Letf(x) = w , evaluate
a limf (x) b lim f (x) ¢ limf (x) d lim f (x)
3 if x=-5

-0.6,if -b<x<-2

x*—4,if —2<x<3

Xx+2,if x=3

Sketch the graph of f and evaluate each of the following limits.
a X"IL‘; f(x) b x“jg f(x) c limf(x)
Evaluate each of the following limits.

a lim (x3—4x2+5x—11) b Iirrzl \Jx? =5x

X-3
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. x2 - 49 . 3x-4¥
C lim —— d [im ——
X=-7 X“+6x-7 =0 5X
. x3+125 sin(x-1)+x*-1
e lim f lim
x-=5  X+95 e x-1
. . T .
g lim sin (—j h limcos x
X — 00 X X — 00
. . sin X . in
i lim j lim —§|n (5x3)
x-0 X €OS X x-0 sin (4x°)

Test whether or not each of the given functionsis continuous at the indicated
number.

2 2|lg_ v2
a fe=400Mx2lo 0 b = M;X:S
x +1 if x <1 3-X
- 1
snx .
22 £ =, if x CZ1 1
¢ fm={x " **%y=0 d f(x)=14 X=2
Lif x=0 & it x [Z]
OSX it x>0
e f(x)=1 ¢ ;x=0
e, if x<0

Determine the values of the constants so that each of the given functionsis
continuous.
2

ax—1if x<2 X _ax,ifxia
a fO)=4 , ) b f(X)=19 x-a
X“+3x, if x>2 2 if x = a

x?+1 if x < a

sin(k+x), if x<0 .
( ) d f(x)=415 - 5x,if a<x <b

c f(x):f(x):{

! el Bx - 25, if Xx>b

Evaluate each of the following limits.

. 3x® +5x% -11 . Vx?+1-10
a lim —————— b lim ———

o 21 NP
Evaluate each of the following one side limits.
a lim |x -3x b Iir};l \J3-x c Iirgl J3x-9

X 0" x-3" X3
d  liminx e lim —X_ £ lim J1-vx-1

X0 X5 (X—5)3 X 2"
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' X [x* - 49
g lim 30X h lim V25-x2 i lim M
=0 Ix x5 -7 X=7
9 Determine the largest interval on which each of the given functions is continuous.
a ()= 1-x b f(x) = /Inv/x
X
= i _ [4x-3
© f(X)_In(ex—]_j d f(x) = .

10 Determine the maximum and minimum values of each of the functions defined on
the indicated closed interval.

a f(x)=3x+5;[-3 2] b gx=1-x;[-2 3
¢ hX)=x-x:[22] d f(x):%;[—Z,Z]

X, if [x|<1

e hX=4°-5x+1; [-1515] f 1= {2-|X| if [x|>1 [-3,2]

11  Locate the zeros of each of the following functions using the intermediate value

theorem.
a f(x)=x-x-1 b gX=x*+2x*-5
c hX=x*-x+2 d fx) =x*-23-x*+3x-2

e g)=x"-9¢°+14
12  Evaluate each of the following limits.

. (X
() "
a lim——"/ b lim sm_gx) c l[im x tan [EJ
x-0 tanx x-0 X X~ X
X+6
d lim X Ztnx e lim| 1+ 3
=l X ool x+11
13 Inacertain country, the life expectancy for males x-years from now is given by
210x +11 . .
the formula f (x) :% years. What will be the life expectancy of males

in this country as time passes? Discuss whether or not the life expectancy in the
country is increasing.

. . 60(x+1 .
14 A girl enrolling in typing class types (%9) words per minute after x weeks of
X

lessons. Determine the maximum possible number of words the girl can type as
time passes.



